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502 QUASIPERIODIC TILINGS WITH LOW-ORDER ROTATIONAL SYMMETRY 
(a) (b) 
Fig. 10. (a) 3-fold rotational symmetry, 2nd generation. (b) 6-fold rotational symmetry, 2nd generation. 
projections and indentations of Fig. 8(c) make it look 
like a possible violation, but in fact it is simply a 
generalized square, i.e. a new aspect of the solution. 
The reader will see how the projections and indenta- 
tions work in Fig. 10. 
As first-generation models for tilings with 3- and 
6-fold rotational symmetry we use the configurations 
of Figs. 9(b) and (d), respectively. We go to the next 
generation, Fig. 10, by replacing the prototiles of Fig. 
9 with the tiles of Fig. 8. We could do the same in 
Figs. 9(a), (c), (e). 
The proofs of the validity (i.e. absence of interior 
edge violations) of the tilings of the infinite plane 
obtained by substituting higher-generation tiles into 
the configurations of Fig. 9 and passing to the limit, 
as well as the uncountable infinity of these tilings, 
follow the line of arguments given in §1. 
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Abstract 
The effects of polarization on X-ray multiple diffrac- 
tion are investigated experimentally. Polarized and 
unpolarized incident beams are used in multiple 
0108-7673/91/050502-09503.00 
diffraction experiments for GaAs and Ge crystals. All 
the three-beam diffractions in a 360 ° azimuthal rota- 
tion of the crystals are analyzed for diffracted 
intensities and phase determination, based on the 
article by Chang & Tang [Acta Cryst. (1988), A44, 
(~) 1991 International Union of Crystallography 
SHAW-WEN LUH AND SHIH-LIN CHANG 503 
1065-1072]. Comparison with other proposed models 
is also given. It is found that the peak intensities of 
most reflections decrease and the widths at half- 
maxima increase for the polarized-beam experiments, 
compared with the unpolarized ones. Moreover, some 
of the diffraction peaks disappear due to polarization. 
The values of the triplet phase determined from three- 
beam diffraction intensities agree well with the 
theoretical ones, provided that the polarization 
factors have been taken into account in the analysis 
procedure. 
I. Introduction 
X-ray multiple diffraction takes place when a single 
crystal is so oriented that two or more sets of atomic 
planes simultaneously satisfy Bragg's law for a given 
X-ray wavelength (Renninger, 1937). Interference 
among multiply diffracted waves has been demon- 
strated to be the mechanism which conveys the phase 
information of the involved structure-factor multi- 
plets via the intensity variation of the diffracted beams 
(Post, 1977; Chapman, Yoder & Colella, 1981; H0ier 
& Aanestad, 1981; Chang, 1982; Hiimmer & Billy, 
1982; Juretschke, 1982a). Applications of this diffrac- 
tion technique for phase determination i  real crystals 
have recently been reported (Shen & Colella, 1988; 
Mo, Hauback & Thorkildsen, 1988; Hfimmer, 
Weckert & Bondza, 1989; Chang, Huang, Tang & 
Lee, 1989). 
Polarization, which is always considered as an 
important factor affecting intensity measurements, 
has long been known to complicate the phase-deter- 
mination procedures in multiple diffraction experi- 
ments (Lipscomb, 1949). In a two-beam approxi- 
mation for three-beam diffraction, Juretschke 
(1982b, 1986) demonstrated analytically how or- and 
7r-polarized waves affect the diffraction intensities of 
the exact three-beam diffraction positions. In this 
paper, we report the experimental results of multiple 
diffraction with unpolarized and o-polarized incident 
beams. The intensity variations of the multiply diffrac- 
ted beams due to different polarizations are observed 
and interpreted in terms of the kinematical theory 
(Moon & Shuli, 1964; Caticha-Ellis, 1969; Prager, 
1971) and dynamical approaches (Juretschke, 
1982a, b, 1986; Chang & Tang, 1988). The determin- 
ation of phases on a quantitative basis is also 
attempted for the experiment with the o'-polarized 
incident beam. 
II. Theoretical considerations 
We briefly outline here the kinematical and dynamical 
approaches concerning the polarization effects on 
multiple diffraction intensities. The formalism given 
below will be used to analyze the experimentally 
obtained intensities. 
(i) Kinematical theory 
The power-transfer quations are usually employed 
to account for diffraction intensities in multiple 
diffraction experiments (Moon & Shull, 1964; 
Zachariasen, 1965; Caticha-Ellis, 1969; Prager, 1971). 
The expression for the diffraction intensity of a given 
G reflection in a three-beam (0, G, L) diffraction 
takes the form 
Rp( G)oc--PcL( M)KC;L( M)QL--pc;,( L)KC;M( L)QM 
+ PLM(G)KLM(G)QLQM/Qc;, (1) 
where 0 is the incident diffraction, G and L are the 
primary and secondary reflections, respectively. M = 
G-L  is the coupling between G and L reflections. 
Qc; and KLM(G) are the effective reflectivity and 
Lorentz factor defined as 
Qo = A 3 N~lFol2/sin 20o (2) 
KL~(G) = sin 20U(s in q~ cos X cos ~'), (3) 
where 0c; and Fc; are the Bragg angle and structure 
factor of the G reflection. No is the number of unit 
cells per volume. X and s r are the angles between the 
equatorial plane of the Ewald sphere and the diffrac- 
ted L and M beams, respectively (Prager, 1971). 
q, is the angle between the L and M diffracted beams 
projected onto the equatorial plane. A is the X-ray 
wavelength used. The polarization factors po(m) are 
derived from the consideration that a three-beam 
diffraction is treated as a combination of successive 
reflections. The po(m) in (1) is then defined as 
(Zachariasen, 1965) 
po(m) = ~[cos 220, + cos 2 20j 
+ (cos 20,, - cos 20i cos 20j)2]/p2 (4) 
without a monochromator and as (Caticha-Ellis, 
1969) 
po(m) = ~{[1 - (cos  20m -cos  20, cos 20j)2/sin 220,] 
x cos 2 20~(1 - s in  2 2a cos: 3') 
+[(cos 20,, - cos  20i cos 20j):/sin 220, 
+cos 2 20j](sin 2 2a cos 2 3,+cos 22a)}/p2 
(5) 
with a monochromator in front of the crystal sample. 
m is the coupling between i and j. P2 is the two-beam 
polarization factor of the G reflection, i.e. 
=! P2 ~(1 +cos 2 20,~). (6) 
3' is the angle between the planes of incidence of the 
monochromator and the ith reflection, a is the Bragg 
angle of the reflection used to monochromatize the 
incident beam. Equation (5) reduces to (4) as a = 0. 
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(ii) Two-beam dynamical approximation for the three- 
beam case near the three-beam point 
Juretschke (1982a, b) has considered the dynamical  
nature of a three-beam (0, G, L) diffraction near the 
exact three-beam diffraction position and derived the 
following expressions for the intensity ratio of three- 
beam and two-beam (the G-reflection) diffractions: 
13112=[l+(21X) cos63+l/x2] ", (7) 
where n is equal to 1/2 for a strong G reflection and 
1 for a weak reflection. ~3 is the phase ofthe structure- 
factor triplet FLFo L/Fc;. The term 1/X is defined as 
1/ X = rrr,( &&_a l  Fo) 
x [(2 cos Oo cos 81 sin 40,)/tan A~o]-' (8) 
for or-polarized waves and 
1/X = Frr6(FLFc_e/Fo) 
x [(2 cos 0o cos 0t sin ~ol)/tan a~o]-' (9) 
for rr-polarized waves. 7rl and 71" 6 are defined as 
(Juretschke 1986) 
zrl = cos 2 ~0/+ sin 2 ~ol sin 2 01 (10) 
7"I"6 = COS 2 00 COS 20 I -  sin 2 00 
x (sin 2 ~01 + cos 2 ~01 sin 20i), (11 ) 
where zl~o is the azimuthal angle of rotation around 
the reciprocal-lattice vector g of the G reflection. 
~o, is the angle between the wavevector KL of the L 
reflection and the plane of incidence of the G reflec- 
tion. zr /2-0~ is the angle between KL and g. The 
direction of KL is that of the L-reflected beam. F is 
a constant equal to -e2A2/mc2rrV where e and m are 
the charge and mass of an electron, respectively. 
V is the volume of the unit cell. 
The factors rrt and 77"6 can be considered as the or- 
and rr-polarization factors of the three-beam diffrac- 
tion. They can be rearranged, in terms of the Bragg 
angles 0o, 0L and 00-L of the G, L and G - L reflec- 
tions, as 
7rl = [COS 220G-L+ COS 220L 
+2 cos 20o cos 2 20L COS 2 200-L]/sin 2 200 (12) 
zr6 = cos 20o - [ (cos  20G-L -  COS 200 cos  20L)  2 
+ (cos 20L--COS 200 COS 200,_L)2]/2 sin 2 20c~. 
(13) 
The corresponding I/X becomes 
1/X = rrtrPo(FLFc_e/2Fo)/tan A~o (14) 
for o- polarization and 
1/X = rr6FP0(FLFc_d/2FG)/tan A~o (15) 
for zr polarization, where 
P0 = 1 [sin 2 20o -cos  2 20O-L-  COS 2 20L 
+2 cos 20o cos  20G-L COS 20L]. (16) 
This two-beam approximation is valid for the 
reciprocal-lattice point of the secondary L reflection 
being far enough from the surface of the Ewald sphere 
such that the corresponding resonance rror satisfies 
the condition 
~L ~, ( kFI 2)IFLII Fc_dlIFol (17) 
where 
~L=(KL.KL)'/2--k(1--Xo/2). (18) 
Xo/4Zr = FFo/47r is the electric susceptibil ity of the 
direct diffraction. Clearly, this approach cannot be 
used to describe the X-ray wavefields inside the 
crystal at the exact three-beam diffraction position. 
(iii) Modified two-beam dynamical approximation and 
quantitative phase analysis 
In order to describe the diffraction intensities at 
the exact three-beam point, Chang & Tang (1988) 
introduced an imaginary part to the denominator of 
the resonance function and derived from the funda- 
mental equation of the wavefield the following 
expression for the G-reflected intensity in a three- 
beam (0, G, L) case: 
l 'c=[ lo(3)- - Io(2)] I Io(2)=ID+lK,  (19) 
where the dynamical  intensity Io and kinematical 
intensity IK are defined as (Chang, Huang, Tang & 
Lee, 1989) 
Io = 2PatQ[2(za~o) cos 63 - r/r sin t53] (20) 
IK = a2rlrp2/ rh, (21) 
in which 
P=IrlkL~Q(IFo-,]I&IIIFol) (22a) 
Q= l / [ (a~,)  2 + (,TT/2)q '/~ (22b) 
W = kl sin ao sin/30 cos 0o (22c) 
LF = kl W (22d) 
fir = r/i + r/n + r/M (22e) 
n i  = kalxol/ W. (22f) 
Note that here P and Q are redefined to give a 
compact form for Ir. They are different from those 
originally given by Chang & Tang (1988). a~ and a2 
are the polarization factors defined as 
al = ½(B0+ B5 cos 2Oc)/p2 (23) 
a2=½(B~+B2+B~+B~)/p2, (24) 
where 
Bo = 1 - ( l /K )  2 sin 2 ao sin 2 13o (25a) 
B 3 = 3( l /K)  sin ao s in/3o[( l /K)  sin ao cos/30 sin 0o 
+( l /K )  cos ao cos 0o -2  sin 20o] (25b) 
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B4 = ( l /K )2 (cos  ot o COS 0c,, --sin ao cos/30 sin 0c,) 
x sin ao sin/30 (25c) 
B5 = cos 20c, - B3B4/ [ ( l /K )  sin ao sin/30] 2. (25d) 
r/r is the total experimental width at half-maximum 
of the three-beam intensity profile, rh, fir and r/M are 
the intrinsic width, the average instrumental broaden- 
ing and crystal mosaic spread, respectively. A¢ is the 
angular deviation from the exact hree-beam position. 
k = I/A and i is the reciprocal-lattice vector of the L 
reflection, k /W is the Lorentz factor Lr which is 
proportional to KLM(G) of (3). ao is the angle 
between the vectors g and ! and/3o is the angle between 
li and the plane of incidence of the G reflection, !1 
being the component of I normal to g. The factor a2 
of (24) can be expressed in terms of 0G, 01_ and 0G-L 
as  
a2 = ~[cos 220o_/_ + COS 2 2Or. 
+ (cos 20c; - cos  20o_/_ cos  20L)2]/p2 . (26) 
This is exactly the same as po(m) given in (4) for 
i=G-L , j=Land m=G.  
It should be noted that IK in (21) is suited to 
Urnweganregung cases (Renninger, 1937) where the 
primary G reflection is weak. For an Aufhellung case 
(Renninger, 1937)with a strong G reflection, IK takes 
the following form (Chang, Huang, Tang & Lee, 
1989): 
IK = (tiT~ r/,) k : l ' :  L~_-Q 2 R (27) 
with 
R = [ a2IFo_LI2IFLI 2- a31Fc,121F,_l 2
- a4l Fol:l FG_ LI2]/I F<;I 2, (28) 
where a 3 and a 4 have the same form as a2 given in 
(26) except that the subscripts of the 20's have to be 
permuted according to the subsequent structure fac- 
tors. Equation (27) is consistent with (1). 
To match the theoretical IK of (21) and the experi- 
mental IK.E, a scaling constant Co is introduced: 
IK,E = fo lk (111 ~o/',/,.I) (29) 
for a plate-like crystal. The factor Yo/yL is the asym- 
metry parameter of the secondary L-reflected beam. 
31o and 3~c~ are the direction cosines of the incident 
beam 0 and reflected beam L with respect to the 
inward crystal-surface normal. [In the previous paper 
(Tang & Chang, 1988), this weighing factor YO/YL 
was employed implicitly so that the formalism given 
here for I '  is identical to that derived previously.] G 
The scaling factor Co is determined by comparing 
the measured IK, E and that calculated at the A¢ = 0 
position for all the three-beam cases. With the deter- 
mined Co and the measured peak width r/T, the 
Lorentzian distribution of IK can be constructed 
according to (21) and (29). Subtracting this construc- 
cos ~3- 
-cos ~53- 
where 
ted IK from the measured profile I~, we obtain the 
phase-dependent dynamical intensity Io. The triplet 
phase ~53 can then be determined according to the 
relations 
sin ~53 = I+/(2Pa,QW)Ia,~=,,T/2 (30a) 
sin ~53 = I-/(2Pa~QW)[a,~--,TT/2 (30b) 
IT = Io(A~p = +rh-/2). (31) 
The sign of the Lorentz factor L~_ should also be 
considered for phase determination (Chang, Huang, 
Tang & Lee, 1989). 
III. Exper imenta l  
The experimental set-up with an unpolarized source 
is the same as that reported previously (Tang & 
Chang, 1988). Cu Kal radiation was used. The beam 
divergence was 0.033 ° in both vertical and horizontal 
directions. 
The arrangement for the o-polarized beam is 
schematically shown in Fig. 1. The set-up consists of 
(1) an X-ray source from an Elliott GX-21 rotating- 
anode generator; (2) a 40 cm long collimator with a 
pinhole of 480 ~m diameter at the exit end; (3) a Ge 
333 symmetrically cut monochromator used as a 
polarizer and (4) a four-circle semiautomatic diffrac- 
tometer (Huber 400). A Cu target and a filament of 
size 0.5 × 1 mm were used. The beam divergence is 
0.03 ° in the horizontal direction and 0.1 ° in the ver- 
tical direction. The distances between the source, 
monochromator, crystal sample and detector are also 
indicated in the same figure. 
The crystal sample was first aligned for a given 
primary reflection G and was rotated around the 
reciprocal-lattice vector g to bring additional sets of 
atomic planes to satisfy simultaneously Bragg's law. 
A scintillation counter was used to monitor the G- 
reflected beam during the azimuthal ~p rotation 
around g. The intensity variation on the two-beam 
.~ 7~ cm "l DOiUr,zer 
• '--~/ i coIl'rr~dUi:rr" '~ .~ ;]e(333) 
~.- 
/ I 
pm ho~e 2C :m 
480 Um 
somple ~. . . . !  
2 . ~'~, 
Y .. 
Fig. 1. Schematic representation of the set-up for the o--polarized 
beam experiments. 
506 POLARIZATION EFFECTS ON X-RAY MULTIPLE DIFFRACTION 
G-reflection background was plotted versus ~. Figs. 
2, 3 and 4 are such diffraction patterns for Ge 111, 
222 and GaAs 222 or Cu Kay, respectively. A slow 
step scan with 0.01 ° per step was performed for each 
three-beam diffraction peak for detailed analysis of 
intensity and peak width. All the three-beam profiles 
over 360 ° azimuth were analyzed. The counting time 
was chosen so that the statistical error was less 
than 1%. 
IV. Results 
Because the vertical divergence of the o--polarized 
incident beam is three times wider than that of the 
unpolarized beam, the peak width of a given multiple 
diffraction is also three times larger for the tr-polar- 
ized beam than that for the unpolarized beam. In 
addition, owing to the presence of a monochromator, 
the diffracted intensity with the tr-polarized beam is 
weaker than that with the unpolarized beam. Keeping 
these differences in mind, we discuss the polarization 
effects on the diffraction patterns, peak intensities 
and peak widths for the following cases. 
(i) Germanium 111 multiple diffractions 
111 is a very strong reflection. All the multiple 
diffractions appear as the Aujhellung-type 'dips' in 
Figs. 2(a) and (b) for the unpolarized and ~r-polar- 
ized incident beams. Because of the relatively strong 
intensity of the unpolarized incident beam, the 
diffraction pattern shows clearly in Fig. 2(a) the 
intensity asymmetry for the three-beam 202/111, 
111/202 and 224/135 reflections and the four-beam 
220, 220/131, 311 and 311, 311/111,400 cases. The 
indices before and after the slashes indicate the secon- 
dary L and the coupling G-L  reflections, respec- 
tively. The profile asymmetry is not clearly observable 
in Fig. 2(b) for the tr-polarized beam, except for 
the 202/111 case. This is expected because of the 
large beam divergence and weak intensity of the 
o--polarized beam. 
The measured relative peak intensities, ( /2-  I3)/I~, 
the peak widths ~r, the ratios of integrated intensity 
242 
311 ZOO 
2~2 131 ]'33 
I. f 04/. 2£2 '~00 31 ~ 2~0 020 026 5134~ 2 202 0£4 153 
~20 422 400 ~11 'llf 
(a)  
3~ 
3': &Of, 220 2[~z" 202 232 .O0 
220 ~oo 
(b) 
over n~ for the unpolarized and ~r-polarized beam 
experiments, the calculated polarization factors such 
as a2's [denoted as B(~r+ ~-) and B(~r)] from Chang 
& Tang (1988), ~r's from Juretschke (1986) and P's 
ilI¸ 
I 
I J~3 _5ff 
(,]) 513 i l  
'113 311 I~I~" 
I i I3  
511 
315 S3i 353 11-5 
' :"  51f 11135 [ 
ill 
(a) 
131 1If 
11~ 113 513 ] i l  35! 
| t71 "'11 353 |! . . . . .  1~3 J 
Fig. 3. (a) Multiple diffraction patterns of Ge 222 Cu Ka~ for 
(a) the unpolarized and (b) the tr-polarized beams. The 222 
background is at 6% for (a) and 3% for (b) of the full scale 
of 104 counts s-~. 
I~3~ 153 
? iS 
if3 iI~ 
135 
f3T 
I 
~33 [ 
3Q 
513 
(a)  
111 '31 i 1 ~r 
f~iT 
': ! I1 )f31 
71~ i ,;35 I 53' I 
~:~ 'I I ~33 ;I ~3i II~'3 H 
33f I ~ ,,T~ I i iS3 "~531 ,I !l~f F 
f f ii' i 
x / ¢~ \ 
(b) 
Fig. 2. Multiple diffraction patterns of Ge 111 Cu Ka~ for (a) 
the unpolarized and (b) the o--polarized beams. The 111 back- 
ground is at 55% for (a) and 25% for (b) of the full scale 
2 x 104 counts s-~. 
Fig. 4. (a) Multiple diffraction patterns of GaAs 222 Cu Ka~ for 
(a) the unpolarized and (b) the tr-polarized beams. The 222 
background is at 15% for (a) and 7% for (b) of the full scale 
of 4x 103 counts s -~. 
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Table 1. Polarization factors B, 17", P, FWHM rlr and the ratios (Exp, ThB, Th,~, Thp) of Ge 111 multiple 
diffractions 
222 242 i33 224 202 513 i35 026 
i3 i  35 i  2~ 133 111 602 22~, 135 
B(o-+ rr) 0"97 0-95 0"91 0-93 1 '36 0.88 0-95 0"88 
B(cr) 0.13 0.74 0.33 0"13 0-69 0"16 0"76 0.26 
7r(~r + 7r) 1"25 0-94 I'1 0.94 1"61 1.07 0"94 1.07 
~r(cr) 0"35 0"76 0"49 0"20 0"83 0"32 0"76 0"32 
P(o'+ 7r) 0.55 0"48 0.48 0-42 I "68 0.46 0-51 0-52 
P(~r) 0"17 0"36 0-22 0-08 0"38 0.14 0"36 0"15 
( I  2 - I3)/ I2(cr+ 7r) 0'01 0.01 0.01 0"02 0.09 0-01 0"03 0-01 
( 12 - I3) / 12(o') 0 0.02 0 0 0-04 0 0-04 0 
~?T(O + It)(0.01 °) - -  6 - -  5 - -  6 
r/r (o-)(0.01 ° ) - -  13 - -  10 - -  12 
Exp - -  0"23 1'15 0.4 
Th B 0"6 1 0.7 
"l'h,, 0'6 0"9 0"6 
Tht, 0"37 0'53 0"41 
335 l i l  ~,00 ~_42 
44~ 020 51 ] 3~i 
1-15 1'53 0.95 0-83 
0-45 0.67 0-79 0'13 
1"42 1.74 0'98 0"94 
0"65 0"81 0.79 0"20 
0"60 0.79 0-54 0'42 
0.29 0-39 0.37 0.08 
0-01 0'04 0"03 0"01 
0 0 0-03 0 
6 
11 
0-55 
0.7 
0-7 
0.43 
of the term Pt_M (G) in (1) are listed in Table 1. More 
explicitly, B's and zr's are defined as 
B(0") = ½(B2+ B2)/p2 (32) 
B(0" + ~r) = a2 (33) 
rr(0.) = rrl (34) 
7'/'(0" + 7/') = 7"/" 1+ 7/" 6 . (35) 
P(0.) is the po(m) of(5) with a = 44-72 °and P(0.+ zr) 
is the po(m) of (4). As can be seen, the B(o-) of the 
g-polarized-beam experiment isvery small compared 
with the B(0.+ rr) of the unpolarized-beam experi- 
ment, except for 9-~,2/351, 202/111,135/224, 400/511 
three-beam cases. The same is true for the zr's and 
P's. The relative intensities for 0. polarization of those 
three-beam diffractions with small B(0.) values are 
too weak to be detected. Therefore, only the 
integrated-intensity ratios of strong diffractions which 
are experimentally observable are listed. Also in Table 
1, the ratios of the measured integrated intensities 
over A¢ between the unpolarized and g-polarized 
beams, denoted as Exp, and the corresponding ratios 
Thp, The. and ThB calculated according to (1), (7) 
and (19), respectively, are also given. For comparison, 
10-  
Ge(111) 
the calculated ratios and measured ratios are plotted 
in Fig. 5 for those strong three-beam diffractions. The 
experimental ratio of the strongest diffraction, 
202/111, deviates considerably from the calculated 
ratio, while those of relatively weak diffractions are 
in fair agreement with the calculated ones. 
(ii) Germanium 222 multiple diffractions 
Ge 222 is a space-group-forbidden reflection but 
with weak intensity due to covalent electrons. Hence, 
all the multiple diffractions with 222 as the primary 
reflection are of Umweganregung type ('peak'). As 
shown in Figs. 3(a) and (b), the intensities of the 
three-beam 311/133, i13/33i ,  511/333, 1i5/133, 
315/133 and 511/313 decrease dramatically when the 
unpolarized.incident beam is changed to o- polarized. 
These reflections are marked with arrows and .~. in 
Fig. 3(b). Table 2 lists the calculated polarization 
factors B's, ¢r's and P's, measured peak intensities 
13/I2, profile widths r/r and the integrated-intensity 
ratios, both experimental Exp and theoretical ThR, 
Th,~ and Thp, for those reflections which are detect- 
able in the 0.-polarized-beam experiment. The 
intensity ratios are also plotted in Fig. 6. The curve 
denoted 'Exp' represents the measured 13(°" + 
7r)/I3(°")- Discrepancy occurs again for the strongest 
three-beam diffraction, i.e. 113/111. 
Th B 
Th, 
Thp ~ 
E×p 
35~ 111 22~ 511 
Fig. 5. Ca lcu la ted  ThB, Th, , ,  Thp and  exper imenta l  Exp integrated-  
intens i ty  ratios of  Ge 111 mult ip le  diffractions. 
(iii) Gallium arsenide 222 multiple diffractions 
GaAs 222 is not forbidden but is a very weak reflec- 
tion. Most of the multiple diffractions are of Umweg 
type. Comparing Figs. 4(a) and (b), we find that, in 
the g-_polarized-beam experiment, 131/313 and 
113/131 become weak reflections compared with the 
111/313 and 131/111 reflections, while the intensity 
of the four-beam 311,135/531,113 diffraction 
remains unchanged. In addition, the doublet 115/333 
and 151/331 almost disappears in Fig. 4(b). These 
are consistent with the small values of B(0.), zr(0.) 
and P(0.) given in Table 3. The measured peak- 
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Table 2. Polarization factors B, 7r, P, FWHM rlT and the ratios (Exp, ThB, Th,~, Thp) of Ge 222 multiple 
diffractions 
3i i  I i i  353 113 351 3i5 
533 133 171 111 571 133 
B(o.+ 7r) 0.57 0-97 1'16 1.14 0-97 0'55 
B(o.) 0'29 0.84 0"66 0"64 0.73 0.34 
rr(o. + lr) 0"88 1'2 1-45 1.44 1 "2 0"65 
rr(o') 0'35 0"85 0-82 0"8 0"85 0.4 
P(t r+ ~-) 0'29 0.48 0-57 0"57 0"48 0'29 
P(o.) 0.09 0-15 0.28 0.29 0.14 0.03 
I3112(o.+ It) 6.44 16"62 2"15 26"33 2"02 2"77 
I3/12(o') I "27 2'58 I "35 2"82 1 '28 I "24 
r/r(o. + It)(0"01 °) 4 4 10 4 1 i 4 
~9 r(o.)(0"01 °) 9 11 14 11 13 16 
Exp 2.24 2-3 1' 14 3"35 1 '36 0'55 
Th ,  0-88 0'43 1"28 0'65 1"11 0"4 
Th. I-1 0'5 1'28 0-65 1-2 0'4 
Thp 1"41 1'15 1-42 0"72 2"9 2'43 
intensity ratios, 13/12(tr+Tr) and 13/12(tr), the 
measured integrated intensity ratios, Ex(t) = 
I3(or+Tr)/13(O'), and the calculated intensity ratios 
ThB, Th,, and Thp are also given in Table 3. Moreover, 
the large peak widths r/T(tr+Tr), about 0.11 °, for 
533/7T1 and 513/71T are due to the large Lorentz 
factors, because these two reflections have small /30 
angles. [Note that the Lorentz factor is inversely 
proportional to sin/30 as indicated in (22c) and 
(22d).] 
From (19)-(21), the relative intensity lb  is the sum 
of It) and IK. For a centrosymmetric crystal like 
germanium, lb(A~o = 0) = l r  (A~o = 0) according to 
(20) because lo(A~o = 0)= 0. What has been plotted 
in Fig. 6 is the kinematical intensities lr for Ge. For 
the noncentrosymmetric GaAs, in order to plot IK we 
ought to use (29) to determine the scale factor Co. 
Following the same procedure previously reported 
(Tang & Chang, 1988) and plotting the ratios 
lr.E(A~o = O)/lr for all the three-beam reflections of 
the o'-polarized-beam experiment, we obtain the 
average scale factor equal to Co = 6.37 (see Fig. 7). 
Each point in Fig. 7 refers to a three-beam case. There 
Ge(222) 
~:,p o L~ 
Thp 
Th.  "~~-~ I " " , ": 7ln B 
311 Iff 353 I13 351 315 
1:~3 ,35 17=3 ~ 17~-S T3 
Fig. 6. Ca lcu la ted  Tha ,  Th, , ,  Thp and  exper imenta l  Exp  in tegrated-  
in tens i ty  rat ios o f  Ge  222 mul t ip le  d i f f ract ions.  
are 12 equivalent hree-beam diffractions in each 
family {hkl}. The measured points are well distributed 
on both sides of the average Co line except for the 
case {131}. The scattered values of C in this case are 
probably due to the weak o--polarized diffraction 
intensities (see Table 3 for the polarization factors) 
and the effect of crystal-surface inclination. 
The purpose of using all 12 equivalent diffractions 
is to reduce the systematic errors caused by the surface 
inclination with respect to the (222) planes. These 
diffractions actually form six pairs, in which the two 
involved diffractions are separated in q~ by 180 °. The 
average intensity over these two diffractions hould 
in principle not be affected by the surface inclination. 
The resultant errors in C, corrected by the crystal 
surface, are therefore smaller than the vertical bars 
indicated in Fig. 7. The errors, AC, are estimated to 
be about +0.8 for {333}, +0.5 for {1T3} and +0.3 for 
{li l}, {i53}, {313} and {ii l}. The overall error in Co 
is about +0.4. This amounts to approximately 0.07 
in ACo/ Co. 
With this Co value, the experimental l r ' s  are deter- 
mined. The kinematical ratios of peak intensities 
obtained experimentally, Ex (k) =/ r  (or + 7r)/ lr  (o'), 
are plotted in Fig. 8, together with the integrated 
intensity ratios, Ex (t) = 13(tr + "n')/13(or ). Both Ex (k) 
and Ex (t) are listed in Table 3. The errors in Ex (k) 
and Ex (t) are about 10% of the measured values due 
to the errors in ACo/Co of the unpolarized (3%) 
(Chang & Tang, 1988) and the g-polarized (7%) 
experiments. Clearly, the Ex (k) curve is in good 
agreement with the calculated curves ThB, Th,~ and 
Thp, except for the weakest reflection, 115/133. This 
is probably attributable to the large error in intensity 
measurement. The curve Ex(t) resembles Ex(k) 
except for the two weak reflections 115/133 and 
513/71i. 
Incidentally, the triplet phases 33 associated with 
the three-beam diffractions of the tr-polarized-beam 
experiment are determined according to (30) and the 
procedure previously reported (Chang & Tang, 1988). 
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Table 3. Polarization factors B, .n', P, FWHMrlT and the ratios [Ex(t), Ex(k), 7"ha, The., Thp] of GaAs 222 
multiple diffractions 
1i5 131 i i l  1i3 333 l i l  313 
13] 3i3 331 13i 7ii 131 71i 
B(cr+ rr) 0-39 0-59 0.96 0.74 1'15 1'15 0"96 
B(o') 0-05 0"3 0"83 0-26 0"66 0.74 0.73 
rr(cr + 7r) 0"61 0"88 1 '2 1.11 i -45 i .44 ! .2 
7r(~r) 0.13 0-35 0'85 0.45 0-81 0"8 0"85 
P(cr+ rr) 0"2 0.29 0.48 0.37 0'58 0.57 0.49 
P(~r) 0"02 0-09 0" 15 0.16 0-28 0-29 0' 14 
ls/12(tr+rr) 2"12 3.96 9.16 9.27 2-02 17'33 1'81 
13/I2(o') 1'3 3-42 10"i7 5-14 !"93 16'96 2"2 
rtr(O'+ ~')(0"01 °) 7 8 8 7 11 8 12 
r/i (~r)(0"01 °) 10 12 14 11 13 12 15 
Ex( t )  1" 12 0-79 0'51 1' 15 0'85 0"66 0"64 
Th.  5"5 1'3 0.7 I-8 1"4 1'1 ! 
Th .  3'3 1-6 0"8 1"6 1"5 1'2 i '1 
Thp 7 2'1 1'8 1"5 1"8 !"3 2'8 
Ex(k )  2" 17 0.79 0'68 1" 15 0.77 0.79 1-04 
15 
"4 
13 
12 
11 
!0 
9 
8 
7 
___ 
6 
5 
4 
3 
2 
1 
r, 
2 
o 
o 
"'-- ¢'© .o 
c, -c~ : : :s  Uo  4,, 
: 6 ? 7 ± C . . . . . . . . . . . . . . . . . . . . .  
)t  
;¢ 
I 
v 
^ ~,  . v v v ~v 
,< , vw.  % 
Fig. 7. Determination of the scale factor Co for GaAs 222 multiple 
diffractions of the ~r-polarized-beam experiment. The vertical 
bars, indicating the scattering of the data points, are not the 
error bars (see text for details.) 
5- -  
GoAs(222)  
Thl] × ' 
" \  ' .£2 
~/k) . ,  "" ~, b " 
. . . .  " , - -  : :  .- ~5 -~~- -  - " -  • - - -o 
J I , 1 ; 1 
! [5  ',3! if_.! 1133 %]_2 ~1__! 513 
135] 313 331 131 711 lq" "71 ~, 
Fig. 8. Calculated (The, Th,~, Thp) and measured kinematical 
[Ex(k)] and total [Ex( t)] integrated-intensity ratios of GaAs 222 
multiple diffractions. The errors in Ex(k) and Ex(t) are about 
10% of the values indicated. 
The determined phases are listed in Table 4 with 
relatively large errors, about +20 ° , due to the weaker 
diffraction intensities and the error in Co. The 
6E(o'+rr) values are taken from Tang & Chang 
(1988). 
V. Discussion and concluding remarks 
In this paper the polarization factors a2"s, rr's and 
p's are not strictly the conventional polarization fac- 
tors but rather the ratios of the polarization factors 
for the three-beam and two-beam cases. Therefore, 
B's, rr's and P's can be greater than unity. 
The intensity ratios plotted in Figs. 5 and 6 for 
germanium show a disagreement between the calcu- 
lated and the experimental results for very strong 
three-beam diffractions. This discrepancy is 
attributed to the fact that the kinematical theory is 
valid for weak reflections. It is therefore not surprising 
to see the invalidity of the kinematical approach for 
strong reflections. On the other hand, this disagree- 
ment does not occur for the GaAs 222 case. The 
strongest diffraction, 171/131, seems to have its 
intensity ratio close to the calculated one. This fact 
can be understood by comparing Tables 2 and 3 for 
Ge 222 and GaAs 222. By examining the terms 
13/I2(o'+7r ) and 13/I2(cr), we find that the polariz- 
ation plays a very important role in affecting the 
intensity ratios. For Ge 222, I3/12 decreases drasti- 
cally from 26-31 to 2-82 as the incident-beam polariz- 
ation changes, while for GaAs 222 the change is 
merely from 17.33 to 16.96. This seems to explain the 
difference between the two cases. On the other hand, 
the intensity 12 of Ge 222 is weaker than that of GaAs 
222 and the phase of  1]1/131 of  Ge is 90 ° different 
from that of  GaAs. These facts could also affect the 
intensity ratios. 
In Figs. 5, 6 and 8, the three theoretical curves 
almost have the same behavior. The intensity ratios 
Exp seem to be independent of  the calculation model 
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Table 4. Calculated triplet phases (°) of GaAs 222 for different polarized incident beams; 6r is the exact 
triplet phase 
i53 131 i l l  333 l i l  313 
33i 313 331 711 131 71i 
6 r 97 -72 97 -66 -74 98 
6E(~+ ~) 98 -64 96 -69 -72 99 
6E(~) 86 -65 82 -72 -76 102 
chosen. Most surprisingly, the Th,~, not valid for 
calculating peak intensity (at A~p = 0), gives reason- 
ably good agreement with the experimental curves. 
In conclusion, we have demonstrated experi- 
mentally how the beam polarizations affect multiple 
diffraction intensities and patterns. According to 
Juretschke (1986), the intensity asymmetry of a multi- 
ple diffraction profile may be reversed due to the 
influence of the dominant zr-polarized waves under 
some special circumstances, for example the four- 
beam case, 131 and 513 of Ge 222. In the present 
study, we have not encountered this situation for Ge 
and GaAs. It is, however, anticipated that with 
different crystals and wavelengths the predicted rr- 
polarization effect could be encountered. Further 
experiments with well col l imated synchrotron radi- 
ation are suggested for more precise measurement on 
multiply diffracted intensities of l inearly polarized 
X-rays. 
The authors are indebted to the National Science 
Council  for financial support under contract no. 
NSC79-0208-M007-111. One of us (SWL) also thanks 
the same organization for providing a graduate 
fellowship during the course of this study. 
Note added 
Two papers (Alexandropoulos, McWhan, 
Juretschke & Kotsis, 1990; Schwegle, Hi immer & 
Weckert, 1990) on similar experiments with syn- 
chrotron radiation were reported at the 15th IUCr 
Congress, Bordeaux, France, 1990. The anomalous 
asymmetries of N-beam diffraction profiles have been 
encountered. 
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Abstract 
Three-dimensional electron-diffraction intensity data 
from crystalline textures of diketopiperazine (2,5- 
0108-7673/91/050510-06503.00 
piperazinedione) publ ished by B. K. Vainshtein in 
1955 [Zh. Fiz. Kim. (1955), 29, 327-344] are found 
to be suitable for ab initio structure analysis via con- 
ventional direct phase determination based on the 
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